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3 1. INTRODUCTION 
To EACH semi-simplicial complex X, Kan [IO] has defined a free group complex GX which 
serves as a loop complex for X. n,_l(GX) = n,(X) and n,_,(GX/T,GX) = H,,(X), and the 
natural projection GX-+ GX/T,GX induces the Hurewicz homomorphism. The passage 
from homotopy to homology is seen to be an abelianization (before taking homotopy) 
which generalizes Poincart’s Theorem that H,(X) is nl(X) made abelian. 
Homology which derives from free abelian groups is generally more accessible than 
homotopy which derives from free groups. To further study homotopy it is natural to 
introduce the lower central series T,GX since the quotients T,GX/T,+lGX are free abelian 
groups. This paper commences a study of the lYrGX/c,+lGX and how they depend 
on X. A preliminary result in this direction is Theorem (2.5) which says that the 
n,(T,GX/T,+,GX) are homology invariants of X which (for fixed n) become zero for large r. 
From the sequence T,GX there is an associated homotopy exact couple whose first 
term is n,(r,GX/r,+lGX). The exact couple converges but an important (and seemingly 
difficult) problem remains: namely to show that the exact couple converges to the homotopy 
of GX. By using techniques similar to those of $5, but applied to functors from sets to 
abelian groups, one can show that the general problem depends on the special case where 
X is an arbitrary finite wedge of 2-spheres. 
Readers familiar with the FK construction of Milnor [ll], will notice the similar 
usage of the free Lie ring. If the spectral sequence in question were to converge, then 
Theorem 4 of [ll, p. 131 would be an easy consequence. The convergence of the spectral 
sequence would have implications for homotopy theory, and would bring the homotopy 
groups of spheres within range. 
I would like to thank Professor A. Dold of the University of Zurich for some stimu- 
lating conversations, and in particular to a suggestion which led to the proof in (6.7). I 
would also like to express my appreciation to Professor D. M. Kan of the Massachusetts 
Institute of Technology for many useful discussions. Indeed, Professor Kan knew of 
t The author was partially supported by an NSF Fellowship and later by Air Force Contract AF49(638)- 
1035. 
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(2.5a) and had conjectured (2.5b) before I discovered them. Finally I would thank Pro- 
fessor R. Bott of Harvard University under whose direction and inspiration my thesis 
(which forms this paper) was written. 
$2. THE LOWER CENTRAL SERIES OF A SEMI-SMPLICIAL COhlPLEX 
(2.1). The notations of this paper conform to those of [5] and [lo]. A semi-simplicial 
complex X is a sequence of sets X, for each n L 0, with face operators pi: X,, -+ X,-i and 
degeneracy operators si: X,, + X,,, which satisfy the usual identities [5, p.2061. If all of 
the X, and the face and degeneracy operators are objects and maps in a category C, then 
X will be called a semi-simplicial object over C. ‘Semi-simplicial’ will be abbreviated by 
‘KS’ and the generic term for C may be substituted for ‘object over C’. For example, what 
has been referred to as an FD module [6], [2] will be called an S.S. module. The term S.S. 
complex refers to an S.S. object over an unspecified category. 
(2.2). To every S.S. complex X with base point, Kan [IO] has defined an S.S. free group 
GX which serves as a loop space for X. The homotopy groups n,(X), and the homology 
groups H,(X) are also defined in [IO]. 
(2.3). For each group G, let T,G be the lower central series for G, defined inductively 
by T,G = G and T,G = [T,_lG, G] where [Tr_lG, G] is the subgroup of G generated by the 
commutators (x,y] = x-‘y-‘,~~ with _r E T,_,G, y E G. The quotients T,G/T,+iG are 
abelian. 
(2.4). For any S.S. group G (in particular if G is GX), and for each r 2 1, the S.S. 
group T,G/T,+,G is obtained by applying the functor r,( ) to every dimension of G (i.e. 
to each G,), and to the face and degeneracy operators. The main results of this paper are 
THEOREM (2.5). (a) If X and Y ure connected S.S. complexes with H,(X) z H,(Y), 
then for all r, 
4-,Gw, + i GX) z n*(I-,G Y/r,+ 1 G Y). 
(b) If X is an n-connected (n 2 1) S.S. complex, then T,GX/T,+,GX is {n - 1 + log,r)- 
connected where {a} denotes the next integer 2 a. 
The proof of (2.5a) depends upon Witt’s Theorem [13] and Dold’s Theorem [2], both 
given in 93. (2.5b) will follow from the slightly more general (3.6) which in turn depends 
upon the decomposition of free Lie rings in $4 and applications of the generalized bar 
construction of Dold-Puppe [5], given in $5. 
93. THE FREE LINE RING 
(3.1). Let M be a module over the integers (i.e. module will mean abelian group). 
Then the free non-associative algebra A(M) and the free Lie ring L(M) are constructed as 
follows [1, p.2851. Put 
A’(M) = M 
and 
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Let I(M) be the homogeneous two-sided ideal in A(M) generated by all x @ x and 
(x 0 y) 0 7 + (z 0 X) @ y + (y @ z) 0 x for x,y,z in A(M). Then put L(M) = A(M)/r(M) 
and Lr(M) = A’(M)/A’(M)nl(M). A theorem of Witt [13] may be stated as 
PROPOSITION (3.2). There is a natural transformation from the composite functor 
L’(( )/rA )) to thefunctor r,( )/r,+,( ) considered as functors from groups to abelian 
groups. Furthermore, if’G is a free group, then L’(G/T,G) -+ T,G/T,+ lG is an isomorphism. 
The proof may be carried out exactly as in [13] with minor modifications to establish 
naturality. 
(3.3). Let T be any functor from modules to modules (for example, if T is ,C’). The 
prolongation of T (still denoted by T) is the functor from S.S. modules obtained by applying 
T to every dimension and to the face and degeneracy operators. A theorem of Dold [2] 
may be stated as 
PROPOSITION (3.4.). If M and M’ are two free S.S. modules with n,(M) z n,(M’), then 
n,(TM) z n,(TM’). 
From the discussion of [2, pp.55-591 and [lo, p.2891 it follows that rr,(M), the homotopy 
of the S.S. module M, is naturally isomorphic to the homology of the differential module 
(k/M, d) obtained from M by (/CM), = M. and with the differential d, = c7_0 (- 1)’ d,. By 
the homology of the S.S. complex X is meant the homotopy of the S.S. module ZX (where 
Z is the free abelian group functor) or equivalently the homology of the differential module 
(kZX, d). 
(3.5). In [lo, p.2921 it is shown that.-if X is an S.S. complex with base point, then 
Z”(X) z n,_,(GX) and H,(X) =: n,_,(GX/T,GX). Theorem (2.5a) follows from this latter 
in conjunction with (3.2) and (3.4) applied to the functor L’. 
(3.6). Recall that an S.S. complex X is called n-connected if n,(X) = 0 for all i < n. 
The Hurewicz Theorem as given in [lo] asserts that if G is an S.S. free group which is n- 
connected, then G/T,G is also n-connected and E,+,(G) z rr,+i(G/T2G). Theorem (2.5b) 
follows from a generalization. 
THEOREM (3.7). If G is an S.S. free group which is n-connected (n 2 0), then r,G/T, + , G 
is {n + log, rj-connected. 
The proof of (3.6) will be completed in 57 
$4. A DECOMPOSITION FOR FREE LIE RINGS 
There is a natural filtration on L’(M) obtained by an ordering of the types of the 
products which occur. The main result of this section is (4.12) which gives a decomposition 
for the successive quotients of this filtration. 
(4.1). For any M a module over the integers and any integer n 2 1, let Tens”(M) 
and Sym”(M) denote the n-fold tensor and symmetric tensor product respectively of M 
with itself. Recall that L’(M) is the quotient A’(M)/A’(M)nl(M). 
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(4.2). The notions of type t and the natural transformation t:Tens’(M) + A’(M) 
associated with a type of weight r will be defined. Let {e> be the set consisting of the single 
element e, and construct the free non-associative multiplicative system T generated by e 
as follows. 
DEFINITION (4.3). Let T(1) = {e}, and suppose inductioely defined all T(k) for 
1 <klr-1. Thenlet 
and T = UrzIT(r). 
T(r) = Ull;tsr--l {T(k) x T(r - k)} 
Twill also be called the set of types. An element t E T(r) is called a type of weight r. 
For t E T(r), t’ E T(r’), let the product tt’ E T(r + r’) be the element t x t’ E T(r) x T(/) 
c T(r + r’). 
(4.4). Corresponding to each type t of weight r, let a natural transformation (which 
by abuse of language will still be denoted by t) t: Tens’(M) -+ A’(M) be defined as follows. 
If t = e, let t: Tens’(M) + A’(M) be the identity. Suppose inductively defined the natural 
transformations for all types of weights less than r. If t E T(r), then t = t’t” uniquely, with 
t’ E T(r’), t” E T(S), and r = r’ + r”. Then let the natural transformation t be given by 
t’ @ t” : Tens”(M) @ Tens”‘(M) --f A”(M) @ A”‘(M) c ,4’(M). 
(4.5). The set Twill be preordered. That is, for any two types t and s, either 
(a) t 2 s but not t I s 
or(b) t 1 s and t 5 s 
or (c) t I s but not t 2 s. 
holds. In case (a) call t > s; in case (b) call t 2 s; in case (c) call t < s. The preorder is 
given explicitly by 
DEFINITION (4.6). The set T is preordered by first setting all those types of \t*eight r 
greater than those of weights less than r. Among those of weight r, define the preorder as 
follows, assuming inductively that the preorder has already been defined for weights less 
than r. If t = t’t” and s = s’s” are two types of weight r, set t 2 s if either 
(a) max{t’, f”} > max{s’, s”} 
or (b) max(t’, t”} >< max{s’, s”} and 
min{t’, 1”) 1 min{s’, s”]. 
It is easily verified that this defines a preorder on T. It is because of the possibility 
of t><s without t and s being the same type, that only a preorder and not an order is 
defined on T. 
DEFINITION (4.7). The set of basic types B = Urzl B(r) is defined as a subset of T by 
(1) B(1) = T(1) = {e} 
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(2) Suppose inducticely defined all B(k) for k < r, then B(r) is IO be that subset of T(r) 
consisting of all t’t” inhere t’ and t” are basic types with 
(a) t’14 
and (b) if t’ = u‘u’, then L.’ I t”. 
It is easy to verify that the preorder on the set of types restricts to an order on the 
set of basic types. 
(4.8). An element m E Tens’(M) which may be expressed in the form m = 
pi @ . . @ m, with mi E M is called a simple product of weight r. If pE A’(M) (or by projec- 
tion in L’(M)) is of the form p = t(m) where m is a simple product in Tens’(M), then p is 
said to be of type t. A simple product in L’(M) may be of more than one type. To say 
that p is of type f does not preclude the possibility that p is also of some other type. 
If p is a simple product of type t, and t = t’t”, then p may be expressed as a product 
p = p’p” where p’ and p” are simple products of types t’ and t” respectively. 
(4.9). Using the ordering on B and the preordering on T a filtration will be defined 
on L’(M). For each t E B(r), let F’L’(M) be the submodule of L’(M) generated by all simple 
products of weight r which are of a type (basic or not) less than or equal to t. 
For each tEB(r), let GIL’(M) be the quotient E’%‘(M)/F” L’(M) where s is the im- 
mediate predecessor of t in the ordering of B(r); if t is the least member of B(r), then 
GIL?(M) is to be simply FZ’(M). If t is the greatest element of B(r), that is if t = 
( . . ((ee)e)... e), then G’Lr(M) will be denoted by J’(M). 
(4.10). Let t be any type of weight greater than one. Then t must be built up from 
types of lower weights in the following manner. t = s,, t,: s,, = s,,_~ t,_, ; . ; s2 = s1 t, ; 
s1 = t, = e. Then r = (... ((lo tl)t2) . . . t,,). With the convention that (uo)w may be written 
as UI;W, the expression becomes tOtIt . . t, which will be called the canonical expression 
for t. * 
(4.11). The basic types will be put into three classes. Let t be a basic type whose 
canonical expression is t,t, . . . t,. Then 
Class I. For some 0 <a < h, t, = t,_, = . . . = th_O+l > t,_, and also totI . . . th_, > 
fh-a+l. 
Class II. For some 0 < a <h, t, = t_,, = . . . = tn_o+l = tOtI . . . t,_,. 
Class III. t, = t,_, = . . . = tl = t, = e. 
For Class III, the type f is the greatest type in B(r), and G’L’(M) is denoted by J’(M), 
For basic types of weight r other than the greatest one, there is a decomposition o 
G’L’(M) given by 
THEOREM (4.12). Assume that M is a fi-ee module, then Case I. If t is of Class I in 
(4.11), 
G’L’( M) =: G”L”( M) @ Sy m“( G”‘L”‘( M)) 
where t’ = t,t, . . . th_o, r’ = weight f’ and t” = I,,-,,+, = . . . = th, r” = weight t”. 
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Case II. rf t is of Class II in (4.11), 
GIL’(M) z J”+ ‘(G’“L”‘(M)) 
where t” = t,t, . . . t,_, = th-O+L = . . . =t, and r” = weightt”. 
The proof of (4.12) will be given in (4.17). 
(4.13). For the free module M, let Xi, i E I be a basis, ordered by the indexing set. 
The basic products in L’(M) are defined as follows [8], [9]. Choose the xi to be the basic 
products of weight one. Suppose inductively defined and ordered all basic products of 
weights less than r, then the basic products of weight r are to be those products p = p’p” 
of weight r with the two requirements that 
(1) P’ >P” 
(2) if p’ = UI/, then v I p”. 
The basic products of weight r are then ordered so that they are all greater than the basic 
products of lower weight. Among those of weight r, the lexicographic order is chosen so 
agreeing with (4.5), whereas [8] allows for an arbitrary choice. That is if p = p’p” and 
4 = q’q” are two basic products of the same weight, then set p > q if either p’ > q’ and 
p” > q”. 
The Theorem of [8] asserts that Lr(M) is freely generated by the basic products of 
weight r. A slight modification of the argument yields 
THEOREM (4.14). Let p E L’(M) be a simple product of type t. Then there are integers 
i, so that 
P = c &Pz 
where each pa is a basic product of type t, I t. Furthermore, the above expression for p as a 
linear sum if basic types is unique. 
Proof. The statement holds trivially for weight one. Suppose inductively that it holds 
for all weights less than r. Then [S] gives a finite procedure for expressing p (uniquely) as 
a linear sum of basic products. The proof of (4.14) consists in a routine verification (which 
will be omitted) that each step of the procedure does not introduce types strictly greater 
than those already present. 
COROLLARY (4.15). If M is a free module, and t E B(r), then the natural quotient 
homomorphism F’L’(M) -+ GIL’(M) is an isomorphism on the submodule of FF’L’(M) 
generated by all basic products (in the basis for M) of type t. 
COROLLARY (4.16). Let u = u,, u1 . . . u, be a simple product of basic type t = t, t, . . . t, 
which is of Class I, where uO is of type t, t, . . . t,_, , and for each 1 I y I a, uq is of type 
th-.+q. Then for any permutation (il i,, . . . . i,) of the set (1, 2, . . . , a), 
110111 . . . u, = uoui, . . . ui, 
modulo filtration less than t. 
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The proofs of (4.15) and (4.16) follow easily from 4.14 and will be omitted. 
(4.17). Proof of Theorem 4.12. 
Case I. Let p be the multiplication 
L”(JVJ) @ Tens”(L”‘(M)) s L’(&J) 
defined by ~(u, 0 u1 0 . . . 0 u,) = u,, ur . . . u,. Then (4.14) shows that for t = t” . . . t”, 
p{(F”L”(M)) 0 Tens”(F”‘L”‘(iM))j c F’L’(lLI). 
Another application of (4.14) shows that ~1 defines a homomorphism on the quotients 
G’_L!‘(M) @ Tens’(G”‘Ll”(i\J)) 1: G’L’(iVJ). 
Next (4.16) shows that ~1 is well-defined if Tens” is replaced by Sym”, 
G’?‘(M) 0 Sym”(G”‘L”‘(M)) 1: G’L’(M). 
It is easily verified that ,U carries basis elements on the left (the basic products in GL’L”(lM) 
and the usual basis in symmetric powers) to basis elements on the right isomorphically, so 
,H is an isomorphism. 
Case II. Let v be the multiplication 
L”+ ‘(L”‘(M)) : L’(hl). 
As before, (4.14) shows that for t = t” . . . t”, v gives a well-defined homomorphism 
- 
LI + 1 rimes 
JO+ '(G"'L"'(A4)) -h G’L’(fiJ). 
Since v carries basis elements on the left to basis elements on the right isomorphically, I’ is 
an isomorphism. 
$5. FUNCTORS OF S.S. MODULES 
Let T be a functor from modules to modules with T(0) = 0. The same symbol T will 
also stand for the prolonged functor from S.S. modules to S.S. modules obtained by applying 
T to every dimension and to the face and degeneracy operators. Let K(Z, 1) be the ‘Eilen- 
berg-Maclane’ S.S. module which is an S.S. free resolution of (Z, 1) (denoted by S in 
[5, p.2441, and let Z,K(Z, 1) be the direct sum of n copies. The main result of this section 
asserts 
THEOREM (5.1). Suppose that for all n 2 1, T(C,K(Z, I>> is q-connected. Then for any 
m-connected S.S. free module IV, T(M) is (q -I- m)-connected provided that T commutes with 
limits ocer directed systems. 
(5.2). The proof of (5.1) makes use of the generalized bar construction of [5]. In 
order to conform to the notation of [5], we recall that to each s.s module M there is an 
associated differential module denoted kM(kM,, = M,, and d = .X(- I);ai) whose homology 
is naturally isomorphic to the homotopy of M: H,(kM) z n,(M) [5, p.2111. 
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(5.3). If M is an S.S. module, its supension SMsatisfies H. + l(kSM) z H,(kM) for all n. 
The generalized bar construction uses the cross-effects of T to give a double differential 
module TM whose associated ‘total’ homology is isomorphic to that of kTSM, as follows. 
The cross-effects of T are defined in [6, p.771; with slightly different notation, let 
T,(M,, . . . , M,) (a functor of r variables) denote the rth cross-effect of T. There is a natural 
equivalence, which characterizes the cross-effects [6, p.781. 
(5.4). T(M, + . . . + fM,) = Z,T,(M,, , . . . , M,s) where the direct sum is taken over 
all non-empty ordered subsets r~ = (cri , . . . ,oJ of the set (1, 2, . . ., r). 
PROPOSITION (5.5). [5, p.2491. There is a double differential module TM, where 
(TM),,, = T,(M, , . . ., M,), and a natural isomorphism w : H,(TM) FZ H,(kTSM). 
PROPOSITION (5.6). [5, p.2511. There is a spectralsequence so that E’ with its differen- 
tial becomes 
n,(TM) 4 n,(T,(M, M)) 2 n,(T,(M, M, M)) c . . . 
and the E’ conoerge to E” which is the graded group associated with a-filtration on n,(TSM). 
(5.7). We proceed with the proof of (5.1) which will be completed in (5.13). First 
observe that if TM is q-connected for all connected S.S. free modules M, then it follows 
immediately from (5.4) that T,(M, , . . . , M,) is also q-connected for any connected S.S. free 
modules MI. 
LEMMA (5.8). Suppose that for all connected S.S. free modules M, TM is at least 
q-connected. Then for all m-connected (m 2 0) S.S. free modules K, TK is (m + q)-connected. 
Proof For m = 0 there is nothing to prove. Assume inductively that the statement 
holds for all integers less than m, and let K be an arbitrary m-connected S.S. free module. 
Now choose an S.S. free module M such that n,_,(M) M n,,(K) all n. Then n,(SM) z z,(K), 
all n, and by (3.4), n,(kTSM) z 71, (TK), all n. Next apply (5.5) and in the associated 
spectral sequence (6.6), E:, = rr,(T,(M, , . . . , M,)), which is 0 for q 5 n + m - 1 by the 
inductive assumption and (5.7). A standard spectral sequence argument shows that 
H,+,(kTSM) = 0 for p + q I 1 + n + m - 1 (since p 2 1). 
The following derives from an idea of D. M. Kan and G. W. Whitehead (unpublished) 
which greatly resembles [3, pp.84-881, and which will be proven in (5.14). 
LEMMA (5.9). Let 0 -+ K--f L -+ M + 0 be a short exact sequence of free modules. 
Then there is an exact sequence 
(5.10) . . --* T,(K, . . . , K) + T,+,(L, K, . . . , K) --f . . . 
. . . + T(K) + T,(L, K) -+ T(L) --+ T(M) --+ 0 
which is functoriul with respect to maps of short exact sequences. 
(5.1 I). If 0 + K-FL + M + 0 is a short exact sequence of S.S. free modules, then 
(5.10) will be an exact sequence of S.S. modules. It follows easily that if each of the S.S. 
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modules T(L), T(K), T,(L, K), . . . , T,(K, . . . , K), T,+,(L, K, . . . , K), . . . isq-connected, so is 
T(M). 
LEMMA (5.12). Let 9 be a collection of connected S.S. free modules for which: 
(1) 9 is closed under direct sums, 
(2) for each K in 9, T(K) is q-connected. If 0 + K + L --f M -+ 0 is a short exact 
sequence of connected S.S. free modules, with K and L in 9, then A4 may be adjoined to 9 
so that the larger collection still satisfies (1) and (2). 
Proof. Let W = Y + C,M be any object in the adjoined collection with Y in 9. 
Then let U = C,K, V = Y + C,L, and form the short exact sequence of S.S. modules 
0 --t U + V -+ W-t 0. From (6.11) it follows that T(W) will be q-connected. 
(5.13). To complete the proof of (S.l), it will be enough to show that starting from 
finite direct sums of K&l), and by iteration of the cokernel construction, an S.S. free module 
M can be obtained having any given (finitely generated) homotopy. Observe that by (3.4), 
we can assume that every S.S. free module having the same homotopy as a member of g 
is also in 9. 
For any finitely generated abelian group A, let A = F/R, the quotient of two finitely 
generated free groups, and use [3, p.791 to obtain S.S. free resolutions with 0 -+ K(R, 1) -+ 
K(F, 1) + K(A, 1) + 0. Then since K(R, 1) and K(F, 1) are finite direct sums of K(Z, 1)1 
by (5.12), K(A, 1) may be adjoined to 9. 
From the suspension construction [5, p.2361 there is the short exact sequence 0 -+ K-+ 
CK-+ SK+ 0 (CK is null-homotopic) which shows that (by iteration if necessary) any 
K(A, n) may be adjoined to 9;. Now assume inductively that each connected S.S. free module 
whose only non-zero homotopy lies between 1 and n inclusively, has been adjoined to 9;. 
Then if M is a connected S.S. free module whose non-zero homotopy lies between 1 and 
n + 1, let L = K(x,+~ (M), n + 1) and K = I:= 1 K(ni(M), i) and form the exact sequence 
of S.S. free modules 
O+K+CK+L+SK+L+0. 
Since K and CK + L are in 9, SK + L (and with it, M) may by (5.12) be adjoined to 9;. 
(5.14). The proof of (5.9) is similar to that of [5, p.258), and will be given in outline only. 
For any module, let A(= K(A, 0)) stand for the S.S. module for which each A,, is A 
and all the face and degeneracy operators are the identity. Then 0 -P R -+ L+ J$ + 0 will 
be a short exact sequence of S.S. modules. Let CR = C@R be the cone over K (as in 
[5, p. 2451) and let c u CR be the complex which is obtained from 1 + CR by identifying 
R (in CK) with its image in E. Then there will be another short exact sequence of s.s. 
modules 0 4 CR + L u CR -+ R -+ 0. Since CR is null-homotopic,f, : n*( E u CR) + n.+(,v) 
is an isomorphism and by (3.4) (Tf)*: n*(T(L u CR)) --f n,(T&?) is also an isomorphism. 
Consider the degeneracies T(Si): T( L u CE), -+ T( L u C@,+1 and let D denote the 
union of the images of the T(Si). Then 
T(L u CR).iD = TXK, . , K) + T,+,(L, K, . . . , K). 
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The homology of the differential module T(L u CK)/D is the homotopy of T(L u CR) 
which is the same as the homotopy of T(.q), which in turn vanishes except in dimension 
zero, where n,,(T((R)) = TM. This implies the exactness of (5.10) and a routine verification 
shows the functoriality as asserted. 
$6, THE CONNECTIVITY OF J’ (K) 
J’ is the functor G’L’( ) where t is the greatest (in the ordering) type of weight r. 
We consider J’ prolonged as a functor from S.S. modules to S.S. modules. The main result 
of this section asserts 
THEOREM (6.1). If K is an m-connected S.S. free module, then J’(K) is (m + r - l)- 
connected. 
By (5.1) and since J’commutes with direct limits, it is enough to prove the weaker 
THEOREM (6.2). J’(C,K(Z,I)) is (r - I)-connected. 
The proof of (6.2) uses the generalized bar construction for the functor J’, for which 
it will first be necessary to discuss the cross-effects. Let K,, . . . . K,, be free modules each with 
a chosen basis which is ordered. 
LEMMA (6.3). There is a direct sum decomposition 
(6.4). J:(K, , . . . , K,) z CR J”(K,) 0 Sym’l(K,) 0 . . . 0 Sym’“(K,) + 
+ xR, K,, 0 Sym”(K,) 0 . . . 0 Sym”(K,,). 
Here the first direct sum is taken over R, the set of sets of ?z integers {rI, rz, . . . . r,> with 
rl 2 2, ri 2 1, i # 1, and Iri = r. The second sum is taken over R’ the set of sets of n + 1 
integers {IX; r, rz, . . . . r,) with 2 I m I n, r, 2 0, ri 2 1 for i # m, and Xri = r - 1. The 
direct sum decomposition (6.4) is functorial with respect to homomorphisms fi: Ki -+ L, 
which are module extensions of order-preserving maps on the bases. 
Proof. Let K = IK,, with an ordered basis consisting of the bases of first Kl, then 
Kz, . . . . then K,. By (4.19, J’(K) has a basis of elements of the form m, m, .... m,, where 
each m4 is a generator for K, and with m, > m, I m3 5 . . . I m,. From the definition of 
the cross-effects it is easily seen that JL(K, , ,.. , K,,) is freely generated by those products 
m, m, ... m, which furthermore satisfy that for each Ki, some mqE Ki. The direct sum 
decomposition (6.4) follows by considering the bases for the various J”(K,) and Sym”(Ki). 
(6.5). The S.S. free module K(Z,l) (which is given in [5, p.2441 as S) has a basis in 
each dimension which is ordered so that the face and degeneracy maps preserve the order. 
The same remark applies to C, K(Z,l). 
LEVMA (6.6). 
i?, p i # 2, 
niJ2(K(zv I)) = \z i = 2. 
For r 2 3, rri J’(K(Z,l)) = 0, all i. 
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Proof. Let K = K(Z,O) as in (5.14). J* is a quadratic functor with J:(A, B) = rl@ B. 
The Kiinneth formula shows that 
For a quadratic functor (in particular J’), the spectral sequence of (5.6) becomes an exact 
sequence [4, p.10681, which shows the first part of (6.6). 
For r 2 3, apply the generalized bar construction to the functor J’ and K = K(Z,O), 
obtaining the double differential module JL(K, .., , K). The horizontal differentials 
d,:J;(K, . . . ,K)-tJ;_,(K, . . . , K) 
are given by d, = cfzr’ (- 1) ir where ri is induced by the map X, K-t I,_, K which i 
identifies the i-th and (i + l)-st copies of K. To avoid confusion. let K,, K,, . . . denote 
different copies of the S.S. module K = K(Z,O). In every dimension, each K, will have a 
single generator k,. From (6.4) 
J;(K, > . . . , K,) = CR, K, @ Sym”K, @ . . . 0 Sym’-K, 
(the summand zR(. . .) of (6.4) is zero). Each K, @ Sym” @ . . @ Sym”K, is freely generated 
by the elements k, @ k;’ @ . . . @ k> (writing k” for k @ . . . @ k (s times)). Hereafter let 
juxtaposition take the place of the 0 symbol. 
The proof of (6.6) is completed by exhibiting a contracting homotopy.Q(c.f. [j, p.301) 
for the horizontal differentials d of the double module J’,(K,, . . . . K,). Define 
QP : J;(h’, , . . . , KJ -+ J’,;,(Ki , . . . , K,, J 
on the generators as follows (let 6(m, p) be Kronecker symbol: b(m, p) = 1 for m = p, 0 
otherwise). 
CaseI. Forp>2,m=p,r,=O,;takeq=p-1 andlet 
Q,(k,k;’ . . . k:) 
(I $,k;’ . . . k2-1kp+l - k,+,k;’ . . k:-‘k,, for rg 2 1 
for rq = 1. 
Case II. For p 2 m >_ 2, rP # 0 ; let 
QP(k,k;, ... ,~)(_~~k;““~~-‘~~+~l fob;;;2-n;(:““1 
P- . 
A routine but tedious calculation verifies that for r 2 3, 
(- I)p-l@p_ I d, + (- 1)” d,, ,a, = Identity 
which shows that x,J’(KIZ,l)) = 0. 
(6.7). Completion of the proof of (6.2). N ow let each Ki be a copy of the S.S. module 
K(Z,l), let K = I;= 1 Ki . Then 
(6.8). J’(K) = XI J:(K,, , . . . , Kcs). 
Apply the decomposition of (6.4) to each summand on the right of (6.8). In [5, p.3061, the 
h;“hnr +hgn nnp cvmmctric nowers of KCZ.l) are shown to be null-homotopic. Then the 
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only terms in the decomposition of J:(K,, , . . . , K,,) which have non-zero homotopy are 
each (r - I)-connected by the Kiinneth formula and (6.6). 
Remark (6.9). Using (5.6), an explicit calculation shows that 
: 
= Z, if n is odd and i = 2n, 
= Z,, if i = n - 1 + 2j with 
“iJ*( K(Z, n)) n + 1 I i < 2n - 2 for n odd 
or n + 1 5 i 5 2n - 1 for II even, 
= 0, otherwise. 
Then using the decomposition of L*” given by (4.12), it is easy to show that for q > 1, 
n,+,L”(K(Z, n)) = z,. 
57. THE CONNECTIVITY OF L’(M) 
Using (6.1) and.the decomposition of L’(M) given by (4.12), the proof of Theorem 
(3.6) and hence also (2.5) may now be completed. 
(7.1). Proof of (3.6). In view of (5.8), it is sufficient to show that for each connected 
S.S. free module K, L’(K) is {log, r}-connected. (6.6) shows that L*(K) is l-connected which 
serves to start an induction on r. By standard spectral sequence arguments, it will be 
enough to show that each G’f.‘(K) is at least {log, r}-connected. 
Suppose inductively, for all basic types t’ of weights r’ with r’ < r, that G”L”(K) is 
at least h(t’) connected, where t’ = tbt; . . . t& is the canonical expression for the type t’ 
according to (4.10). Note that the length h(t) of any basic type of weight r is at least 
{log, r}. It must be shown that G’L’(K) is h(t)-connected, where t = tot, .., fhctj . There are 
two cases to consider 
Case I. Let t be of Class I (4.11). Then (4.2) shows that 
G’L’( K) NN G”,?(K) @ Sym”( G”‘L”‘( K)). 
By the inductive assumption, G”L”(K) is at least (h - a)-connected, and G”‘E”(K) is at 
least {log2 r”}-connected. Since rn 1 2, {log, r”) 2 1, and by [5, p.3031, Sym”(G*“K”(K)) is 
at least (2, - 2 + log, r”}-connected, which for Q L I is at least a-connected. Then 
GIL’(K) is at least h-connecfed. 
Case II. Let t be of Class II (4.11). Then (4.12) shows that 
G’L’(K) z J”+ ‘(G”‘L”‘(K)). 
By the inductive assumption, G’“L’*(K) is at least (h - a)-connected, and by (6.1), G’L’(K) 
is at least h-connected. This finishes the proof of Theorem (3.6). 
REFERENCES 
I. H. CARTAN and S. EILENBERG: Homological Algebra, Princeton University Press, 1956. 
2. A. DOLD: Homology of symmetric products and other functors of complexes, Ann. Math., Princeton 
68 (I 958). M-80. 
3. A. DOLD: Universelle Koeffizienten, Marh. Z. 80 (1962). 63-88. 
LOWER CENTRAL SERIES OF SEMI-SIMPLICIAL COMPLEXES 171 
4. A. DOLD and D. PUPPE: Non-additive functors, their derived functors, and the suspension homo- 
morphism, Proc. Nor. Acad. Sci., Wash. 44 (1958), 1065-1068. 
5. A. DOLD and D. PUPPE: Homologie nicht-additiver Functoren, Anwendungen, .4nn. Insr. Fourier 11 
(1961), 201-312. 
6. S. EILENBERG and S. MACLANE: On the groups H(n,n)-II, Ann. Murh., Princeton 60 (1954), 49-139. 
7. M. HALL: The Theory of Groups, Macmillan, New York, 1959. 
8. M. HALL: A basis for free Lie rings and higher commutators in free groups, Proc. Amer. Math. Sot. 1 
(1950), 575-581. 
9. P. HALL: A contribution to the theory of groups of prime power order, Proc. Lond. Murh. Sot. 36 (1934), 
79-95. 
10. D. M. k&N: A combinatorial definition of homotopy groups, Ann. Math.. Princeron 67 (1958), 288-312. 
11. J. MILNOR: The Consrruction FK. Mimeographed notes, Princeton University, 1957. 
12. J. C. MOORE: Algebraic Homotopy. Mimeographed notes, Princeton University, 1900. 
13. E. WITT: Treue Darstellung Liescher Ringe, J. reine nngew. Murh. 177 (1937). 152-160. 
Harvard Unicersity; 
Massachusetts Institute for Technology 
